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In this paper we consider a method given earlier for computing the formal
moduli of modules. We start with a short resume of the method, then we explain
how this method can be implemented using a standard basis computation. We list
the formal moduli with versal families for all torsionfree rank 1 modules over the
curve singularity E . Finally we discuss the degeneracy properties of these mod-6
ules, proving that the normalization deforms to all the other torsionfree rank 1
modules. These examples are computed by implementing the algorithm in the
Singular language. The program source is not included in this paper for obvious
Žreasons, but can be found in previous work by the author 1997, Implementing the
algorithm for computing formal moduli, Preprint Series, Institute of Mathematics,
.University of Oslo .  2001 Academic Press
1. INTRODUCTION
 In this section we will use the notation and results in Schlessinger 8 .
Let A be a k-algebra, E an A-module. Let l denote the category of
local artinian k-algebras with residue field k and consider the deformation
functor
Def : l setsE
given by
Def S  E,   E is an A S-module, flat over S,Ž . Ž .½E k

and E kE  .5S
ŽThen Schlessinger’s theorem gives that there exists a hull or local formal
ˆ.moduli H of Def , i.e., a complete local k-algebra together with aE E
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ˆ ˆ 2Ž . Ž   Ž ..smooth morphism Mor H , Def such that Mor H , k x  x E E E
Ž   Ž 2 ..Def k x  x is a bijection. In the situations where a moduli spaceE
exists, the local formal moduli is the completion of the local ring of this
moduli space. Thus this local formal moduli will give useful information,
ˆand this section contains the background of the computation of H .E
1.1. Obstruction Theory
DEFINITION 1.1. Fix once and for all a free resolution of E as an
A-module. Let
d : L  Li 1 i1
be the differential. Then we put
Hom p L , L  Hom L , L ,Ž . Ž .ŁA   m mp
mp
p pŽ . p	1Ž .and then d : Hom L , L Hom L , L is defined byA   A  
pp p p pd   d   1  d . 4 Ž .Ž . ½ 5ipi i i1 i ip
Clearly, Hom is a graded differential associative A-algebra, multiplica-A
 Ž .tion being the composition of Hom L , L .A  
LEMMA 1.1. There is a natural isomorphism
Ext i E, E H i Hom L , L , i 0.Ž . Ž .Ž .A A  
Proof. This is well known.
 Ž .4LEMMA 1.2. Assume there exists a lifting L  S, d S of the complex k i
 4L , d , i.e., of the free resolution L of E. This means that there exists a i 
commutati
e diagram of the form
Ž . Ž . Ž .d S d S d S1 2 3    0 E L  S L  S L  S S 0 1 2
  
d d d1 2 3    0 E L L L 0 1 2
Ž . Ž . Ž .where for e
ery i, the composition d S d S  0, and d S is A S-i	1 i i k
 Ž .4linear. Then L  S, d S is an A S-free resolution of E , and E is a i k S S
lifting of E to S.
Proof. Since S is artinian, mn 0 for some n. If n 1 then S k and
the result is obvious. Assuming the result true for nm, we are going to
prove it holds for nm	 1. Tensoring the upper sequence in the lemma
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with Smm, we have by the hypothesis a lifting to Smm. Thus it is enough
Ž .to prove that if  : R S is a small morphism in l i.e., m  ker 0 ,R
 Ž .4  Ž .4then any lifting of L  S, d S to L  R, d R satisfies the condi- i  i
tion. Then we have an exact sequence of complexes
 40 L  I , d  id  L  R , d R  L  S, d S  0 4  4Ž . Ž . k k I  k i  k i
inducing a long exact sequence
H L  I H L  R H L  SŽ . Ž . Ž .n  n  n 
H L  I H L  R H L  SŽ . Ž . Ž .n1  n1  n1 

H L  I H L  R H L  SŽ . Ž . Ž .1  1  1 
H L  I H L  R H L  S  0.Ž . Ž . Ž .0  0  0 
Ž . ŽBut then remember that by functoriality, L  I is exact H L  k n  k
.R  0 for n 1, and
0 E IH L  R  E  0Ž .0  S
Ž .is exact. It also follows from the last sequence that H L  R is R-flat.0 
THEOREM 1.1. Let  : R S be a small morphism in l. Let E S
Ž .  Ž .4Def S correspond to the lifting L  S, d S of L to S. Then there is aE  i 
unique defined obstruction
o E ,  Ext2 E, E  IŽ . Ž .S A k
 Ž . Ž .gi
en in terms of the 2-cocyle oHom L , L  I, such that o E , A   k S
Ž .0 if and only if E may be lifted to R. Moreo
er, if o E ,  0, then the setS S
Ž .of liftings of E to R is a principal homogeneous space torsor o
erS
1 Ž .Ext E, E .A
Ž .Proof. E Def S is represented by the A S-free resolutionS E k
0 E  L  S,S  k
 Ž .4i.e., it corresponds to L  S, d S . Since  i, L is A-free, and  : R S k i
Ž .is surjective, for every i, we can pick a map d R making the belowi
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diagram commutative:
Ž .d SiL  R L  Ri1 k i k
 
Ž .d RiL  S L  Si1 k i k
Ž . Ž .Then, since d S d S  0 and since I ker is killed by thei i1
maximal ideal m of R, the compositionR
d R d R : L  R L  RŽ . Ž .i i1 i i2
is induced by a unique map o : L  L  I. Thusi i i2
 4 2o o Hom L , L  I.Ž .i   ki2
Also d 2o 0 so that
o Ext2 E, E  I.Ž .A k
Ž .If we pick another d R theni
oHom2 L , L  IŽ . 
1Ž . 2 Ž .differ by an element in Hom L , L  I such that o Ext E, E  I  A k
is independent of the choice of liftings. Thus, if E can be lifted to R, thenS
o 0, proving the only if part.
Ž . 2Ž .If o o E ,  Ext E, E  I, o 0, then there is an elementS k
Hom1 L , L  IŽ .A   k
Ž . Ž . Ž . Ž .such that od  . Put d R  d R 	  and one finds that d R i i i
Ž .d R  0. Thus from Lemma 1.2, E can be lifted to R.i1 S
 lŽ .4For the last part, given two liftings L  R, d R , l 1, 2, correspond- i
1 2 1Ž . 2Ž .ing to E and E , their difference d R  d R induces mapsR R i i
 : L  L  I.i i i1 k
 4 Ž .In fact   Hom L , L is a 1-cocycle thus definingi i 0  
1 Ext E, E .Ž .A
So we have a surjection
 4 1  4Liftings of E to R  Ext E, E  Liftings of E to R .Ž .S A S
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1.2. The Structure Theorem
In this section we prove the structure theorem for the deformation
 functor Def , following 3 .E
It is well known that
1   2  Ext E, E Def k x  x Def k 	 .Ž . Ž . Ž .Ž .A E E
 4 1 Ž .  4 2 Ž .Choose bases x , . . . , x for Ext E, E , y , . . . , y for Ext E, E .1 d A 1 r A
  4   4Let x , . . . , x and y , . . . , y be the corresponding dual bases.1 d 1 r
From Nakayama’s Lemma, we then have that
ˆ 2 2 Hm  k x , . . . , x m ,1 d
Ž .where m x , . . . , x .1 d
Put
  2   2   3S  k u , . . . , u m  k u m , R  k u m ,1 1 d 2
ˆ ˆ 2Ž . Ž .and let E Def S correspond to 
 : HHm , 
 x  u . If
 E 1 1 1 i i1
a R is a least ideal such that X can be lifted to R a S , then2 
 2 21ˆ 3R aHm .2
Consider the diagram





1 2ˆ  H S  k u m1
n 4 We now pick a monomial basis for S of the form u , B  n1 n B 11
d n  d  4  4    4N : n  1 , and we let u , B  nN : n  2 be a basis forn B 22
ker  . Then we have that2
o E ,   Ext2 E, E  ker Ž .Ž .
 2 A k 21
r
 n 2 o X ,  a  u  y  f u .Ž .Ž . Ý Ý
 2 n i i1
nB i12
DEFINITION 1.2. 
 is called a defining system for the Massey products1
²  : x ; n  a , n B .n 2
Notice that with this notation we have
2  n² :f u  y x ; n u .Ž . Ž .Ýj j
nB2
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It is then clear that
ˆ 3 2 2 3 2 2 Hm  R  f , . . . , f  k u  m 	 f , . . . , f  S .Ž . Ž .Ž .2 1 r 1 r 2
Now consider the diagram









Ž . Ž  .  2Ž .Since o E ,  o E , Ý y  f u  0, where  is the natu-
 2 
 2 i i1 2
ˆral composition, we can lift E to S . Thus we can find 
 : H S as
 2 2 21
Ž .above. If a R is a least ideal such that E Def S can be lifted to3 
 E 22ˆ 4R a, then it is clear that Hm  R a.3 3
2 3 Ž 2 2 .Pick a monomial basis for ker m m 	 f , . . . , f of the form2 1 r
nu , 4 nB2
and put
B  B  B .2 1 2
 Then B is a basis for S implying that for every n with n  2 we have a2 2
unique relation in S :2
n mu   u .Ý n , m
mB2
Because of later needs, we notice the following
²  :COROLLARY 1.1. Ý  x ; n  0.n B n, m2
Ž .Proof. This is simply because o E ,  0.
 21
Write
ker  m3 	 f 2 , . . . , f 2 m4 	m f 2 , . . . , f 2Ž . Ž .3 1 r 1 r
 f 2 , . . . , f 2 m f 2 , . . . , f 2 m3 m4 	m3 m f 2 , . . . , f 2Ž . Ž . Ž .Ž .1 r 1 r 1 r
 a I .3
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n 4 Let u be a monomial basis for I where we may assume that forn B 33
  n mn B we have that u  u u for some m B . Put B  B  B .3 k 2 3 2 3
 Note that for every n with n  3, we have a unique relation in R ,3
namely
n  m 2u   u 	  f .Ý Ýn , m n , j j
 jnB3
With the condition on o we have that
  2  no E ,  y    f 	 a  u ,Ž . Ý Ý Ý
 3 j j j n2 ž /
j j nB3
Ž  .  Ž 2 .  2 2 2with o E ,   Ý y  Ý  f  Ý y  f  Ý  f  f
 3 j j j j j j j j2
Ž . 3mod m implying that
  2 n  3o E ,  y  f 	 a  u  y  f .Ž . Ý Ý Ý
 3 j j n j j2
nB3
DEFINITION 1.3. Any map 
 is called a defining system for the Massey2
products
²  : x ; n  a , n B .n 3
Notice that with this notation we have
3  n  n² : ² :f  y x ; n u  y x ; n u .Ý Ýj j j
 nB nB2 3
Put
3 3   4 3 3S  R  f , . . . , f  k u m 	 f , . . . , f .Ž . Ž .3 3 1 r 1 r
ˆ 4Then Hm  S . Let  be the natural morphism S  S . Pick, as3 3 3 2
n  4before, a monomial basis u for ker such that B  B and putn B 3 3 33
 B  B  B . For every n with n  3 we then have a unique relation3 2 3
in S ,3
n nu   u ,Ý n , m
nB3
and for later needs again, we state the following:
3 ²  :COROLLARY 1.2. Ý Ý  x ; n  0.l2 n B n, ml
Ž .Proof. This uses the same reason as before: o E ,  0.
 32
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ˆAgain we have a morphism 
 : H S and we continue by induction.3 3
  2	k	1 Ž 2	kFor any k 1, assume we have found S  k u m  f ,2	k 1
2	k .. . . , f such thatr
ˆ 2	k	1Hm  S ,2	k
and consider the diagram









We write as before
ker   f 2	k , . . . , f 2	k m f 2	k , . . . , f 2	kŽ . Ž .2	k	1 1 r 1 r
m2	k	1 m2	k	2 	m2	k	1 m f 2	k , . . . , f 2	kŽ .Ž .1 r
 a I .2	k	1
n 4 We then pick a monomial basis for I of the form u where2	k	1 n B2	k	1
 n nwe may assume that for n B , we have u  u u for some m2	k	1 k
 B . Put B  B  B . Then we have a unique relation in2	k 2	k	1 2	k 2	k	1
 R for every n such that n  2	 k	 1,2	k	1
n  n 2	ku   u 	  f .Ý Ýn , m n , j j
 jnB2	k	1
With the condition on o we have that
  2	k  nˆo E ,  y  f 	 a  u ,Ž . Ý Ý
 2	k	1 j j n2	 k
j nB2	k	1
2ˆ	k 2 2	k1 2	k1Ž .with f  f mod m f , . . . , f , that is,j j 1 r
  2	k n  2	k	1o E ,  y  f 	 a  u  y  f .Ž . Ý Ý Ý
 2	k	1 j n j j2	k
j nB j2	k	1
DEFINITION 1.4. Any map 
 is called a defining system for the2	k
Massey products
²  : x ; n  a , n B .n 2	k	1
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Notice that with this notation we have
2	k	1
2	k	1 n² :f  y x ; n u .Ý Ýj j
l0 nB2	 l
Then as before we have
ˆ 2	k	2 2	k	2 2	k	1 2	k	1 Hm  S  k u m 	 f , . . . , f .Ž .2	k	1 1 r
We set
 : S  S ,2	k	1 2	k	1 2	k
n 4and we pick a monomial basis u for ker such thatn B 2	k	12	k	1
B  B , and then we put B  B  B . Again we2	k	1 2	k	1 2	k	1 2	k 2	k	1
  .get a unique relation for n  2	 k	 1  0,
n m1.2.1 u   u ,Ž . Ý n , m
nB2	k	1
Ž .and because o E ,  0, we have the usual corollary
 2	k	12	 k
2	k	1
² :1.2.2  x ; n  0.Ž . Ý Ý n , m
l2 nBl
Now, by induction, we have proved
ˆ  H lim S  k u  f , . . . , f ,Ž .2	k 1 rk
2	kwhere f  lim f . That is,j jk
Ž .THEOREM 1.2 Structure of Theorem of Laudal . There exists a mor-
phism of complete local k-algebras
o : T 2  sym A2
  T 1  sym A1Ž . Ž .ˆ ˆk k
ˆ 1 2such that H T  k. Furthermore, for any small morphism  : R S,T
in the diagram

o2* 2 1 






2The obstruction for lifting E to R is the restriction of o
 to A .

Ž .Proof. Just put o y  f .j j
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1 Ž .1.3. Massey Products for Ext E, EA
Using the obstruction theory to define the Massey products as above, we
can construct the relations f , 1 i r. We know that f , i 1, . . . , r, cani i
be written as
nf  a x 	 higher termsÝi i , n
 nN
for some N 2. For convenience we may as well assume that N 2. Put
  2S  k u , . . . u m ,1 1 d
m 4 Ž .and pick a monomial basis for S on the form u . Let E Def S1 m B 1 E 11
Ž .correspond to the universal lifting, that is, a deformation E Def S1 E 1
that induces an isomorphism
t  t .H Def E
ˆFrom the construction of H, letting
 4   4 1  d ,   x Hom L , L ,Ž .0 i e j , i A  i
we have that E is represented by the lifting1
 4L  S , d S of L , d , 4Ž . k 1 1 
where we have put
md S    u .Ž . ÝL 11 mi i
mB1
Using this defining system, a straightforward computation proves the
following:
 4PROPOSITION 1.1. Gi
en a defining system  for the kth Masseym
²  :  ²  :products x ; n , n B , x ; n is represented by the 2-cocycle2	k
y n      .Ž . Ý Ý m , n m m1 2





2	k n² :f  y x ; n u ,Ž .Ý Ýj j
l0 nB2	 l
j 1, . . . , r, induce identities 1.2.1 and 1.2.2, such that if for e
ery m B2	k
we pick a cochain
 Hom1 L , LŽ .m A  
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with
d   y n ,Ž .Ým n , m
nB2	k
 4then the family  is a defining system for the Massey productsm m B2	k
²  : x ; n , n B .2	k	1





ariables start with empty;
d   4Put B nN  n  1 ;
 d   4Put B nN  n  1 ;
Put   x and   d;e i 0i
While not finished do
begin i i	 1;
 i	1 i	2 i	1 Ž .Pick a basis B for m m 	m m f , . . . , f such that fori	1 1 r
 n meach n B we ha
e u  u  u for some m B;i	1 k
  d  Put B  B B ; Then for each nN with n  i	 1 we ha
e ai	1 i	1
  i	2 Ž .unique relation in k u m 	m f , . . . , f , namely,1 r
n   Ž .u Ý  u 	Ý  f . For each n B compute y n m B m , n m j n, j j i	1i	1
Ý Ý 	m m   m  i	1 m 2 m , n m m1 1 2m  Bi
nŽ .Put f  f 	Ý y y n uŽ .j j n B ji	1
i	1 Ž i i. i	2 Ž .Pick a basis B for m 	 f , . . . , f m 	 f , . . . , f such that1 r 1 r
 Ž i .B B f  sum up to degree ii	1
d  Put B B B; then, for each nN with n  i	 1 we ha
e a
  i	2 Ž .unique relation in k u m 	 f , . . . , f , namely1 r
n mu Ý  u .m B n, m
1 Ž .Pick for each m B an  Hom L , L such thatm B  
i	12 Ž .d Ý Ý  y n ;m l0 n B n, m2	 l
End;
End;
Ž .1.4. Example Computation of the Formal Moduli of M on E2 6
  Ž 4 3.When computing this example we put E  B k x, y  x 	 y .6
Then MM is given by the resolution3
x2 y 2 x2 y2 x2 y 2
2 2 2ž / ž / ž /y x y x y x
2 2 2  0M B B B  .
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Using this, we find:
1 Ž . 1Ž Ž ..LEMMA 1.3. The basis for Ext M, M represented by H Hom L , LB  
1 Ž .is gi
en by the class of the following cocycles in Hom L , L :B  
 0 y 1 0 , i e
en, i e
en ž /ž / 1 00 1  x  x 1 i 2 i1 0 0 y, i odd , , i odd , ž / ž /0 1 1 0
 x 0 , i e
enž /0 x  x  xx 3 i 1 i x 0 , i odd ,ž /0 x
 0 xy
, i e
enž /x 0  x  xx 4 i 2 i 0 xy
, i odd .ž /x 0
2 Ž . 2Ž Ž ..LEMMA 1.4. The basis for Ext M, M represented by H Hom L , LB  
2 Ž .is gi
en by the class of the following cocycles in Hom L , L :B  
 0 y 1 0 , i e
en, i e
en ž /ž / 1 00 1  y  y 1 i 2 i1 0 0 y, i odd , , i odd , ž / ž /0 1 1 0
 x 0 , i e
enž /0 x  y  xy 3 i 1 i x 0 , i odd ,ž /0 x
 0 xy
, i e
enž /x 0  y  xy 4 i 2 i 0 xy
, i odd .ž /x 0
Put
2 4   S  k x , x , x , x m , B  n : n  1 , 41 1 2 3 4 1
3  4   R  k x , x , x , x m , B  n : n  2 , 42 1 2 3 4 2
 B  B  B .2 1 2
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²  : Defining System for the Massey Products x ; n , n B .2
  d ,0
 0 y 1 0 , i e
en, i e
en ž /ž / 1 00 1    e , i e , i1 21 0 0 y, i odd , , i odd , ž / ž /0 1 1 0
 0 xy x 0 , i e
en, i e
en ž /ž / x 00 x    e , i e , i3 4x 0 0 xy, i odd , , i odd. ž / ž /0 x x 0
 4Then  is a defining system.m m B1
Computation of the Massey Products n B .2
1 y 2, 0, 0, 0,   Ž . Ž . i e , i e , i11 1
 1 0 1 0 1 0 , i e
enž / ž / ž /0 1 0 1 0 1
1 0 1 0 1 0 , i odd .ž / ž / ž /0 1 0 1 0 1
2 y 1, 0, 1, 0    	  Ž . Ž . i e , i e , i1 e , i e , i11 3 3 1
 x 0 1 0 1 0 x 0	ž / ž / ž / ž /0 x 0 1 0 1 0 x
2 x 0 , i e
enž /0 2 x
x 0 1 0 1 0 x 0	ž / ž / ž / ž /0 x 0 1 0 1 0 x
2 x 0 , i odd . ž /0 2 x
Ž .The rest of the Massey products will be zero in cohomology . That is,
2   n 2² :f  y x ; n x xŽ .Ý1 1 1
nB2
2   n² :f  y x ; n x 2 x x .Ž .Ý3 3 1 3
nB2
All the other polynomials are zero.
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Put
  3 2S  k x  m 	 x ,2 x x ,Ž .Ž .2 1 1 3
  4 2R  k x  m 	m x ,2 x x .Ž .Ž .3 1 1 3
2 Ž 3 Ž 2 ..Then B is going to give a basis for m  m 	m x ,2 x x . We2 1 1 3
choose
4  B  n : n  2  2, 0, 0, 0 , 1, 0, 1, 0 , 4Ž . Ž . 42
B  B  B .2 2 1
 3 4 Ž 2 .B gives a basis for m m 	m x ,2 x x . We choose3 1 1 3
B  1, 2, 0, 0 , 1, 1, 0, 1 , 1, 0, 0, 2 , 0, 3, 0, 0 , 0, 2, 1, 0 , 0, 2, 0, 1 , Ž . Ž . Ž . Ž . Ž . Ž .3
0, 1, 2, 0 , 0, 0, 3, 0 , 0, 0, 2, 1 , 0, 1, 1, 1 , 0, 0, 1, 2 ,Ž . Ž . Ž . Ž . Ž .
0, 1, 0, 2 , 0, 0, 0, 3 .4Ž . Ž .
Then the B satisfy our conditions.3
²  : Defining Systems for the Massey Products x ; n , n B . For every3
m B ,2
 y n  Ž .Ý n , m m
nB2
is a coboundary, and  is given by the unique relationn, m
n mx   x .Ý n , m
mB2
In this case, the  ’s are therefore 0 or 1,n, m
 y 0
, i evenž /0 y  y 0, 2, 0, 0 Ž .Ž0, 2, 0, 0. y 0
, i odd,ž /0 y
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 2 xy 0
, i evenž /0 2 xy  y 0, 1, 0, 1 Ž .Ž0, 1, 0, 1. 2 xy 0
, i odd,ž /0 2 xy
 2x 0 , i even
2ž /0 x  y 0, 0, 2, 0 Ž .Ž0, 0, 2, 0. 2x 0 , i odd, 2ž /0 x
 2x y 0
, i even
2ž /0 x y  y 0, 0, 0, 2 Ž .Ž0, 0, 0, 2. 2x y 0
, i odd.
2ž /0 x y
The rest of the  ’s equals 0.m
Put
 0 1 , i evenž /0 0 Ž0, 2, 0, 0. 0 1 , i odd,ž /0 0
 0 2 x , i evenž /0 0 Ž0, 1, 0, 1. 0 2 x , i odd,ž /0 0
 2x 0 , i even
2ž /0 x Ž0, 0, 2, 0. 2x 0 , i odd, 2ž /0 x
 0 0
, i evenž /0 y Ž0, 0, 0, 2. y 0
, i odd.ž /0 0
 4For all the other  ’s, we choose   0. Then  is a definingm m m m B2
²  : system for the Massey products x ; n , n B .3
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²  : Computation of the Massey Products x ; n , n B . The Massey3
products for n B are represented by3
y n      .Ž . Ý Ý m , n m m1 2
m 	m m m3 1 2
mBi 2
The coefficient  is given by the unique relation in R :m , n 3
n  m  2u   u 	  f .Ý Ým , n n , j j
 jnB3
In our case, again,   equals 0 or 1, i.e.,    1,    0 whenm , n n, n m , n
nm.
We get
²  :  ²  : x ; 0, 3, 0, 0  y , x ; 0, 2, 0, 1  3 y ,Ž . Ž .1 3
²  : x ; 0, 0, 3, 0 y .Ž . 3
The rest of the Massey products are 0. That is,
f 3 x 2 	 x 3 , f 3 2 x x 	 3 x 2 x  x 3.1 1 2 3 1 3 2 4 3
All the other polynomials equal 0.
Put
  4 2 3 2 3S  k x  m 	 x 	 x  2 x x 	 3 x x  xŽ .Ž .3 1 2 1 3 2 4 3
and
  5 2 3 2 3R  k x  m 	m x 	 x ,2 x x 	 3 x x  x .Ž .Ž .4 1 2 1 3 2 4 3
B gives a basis for3
m3 	 x 2 ,2 x x m4 	 x 2 	 x 3 ,2 x x 	 3 x 2 x  x 3 .Ž . Ž .1 1 3 1 2 1 3 2 4 3
Furthermore, we shall have B  B . We choose B  B . This is possible3 3 3 3
because we have no new relations. We put B  B  B .3 3 2
The B are going to give a basis for4
m4 m5 	m x 2 	 x 3 ,2 x x 	 3 x 2 x  x 3 .Ž .Ž .1 2 1 3 2 4 3
n Furthermore, it should be the case that every u , n B is on the form4
nx u for some i and for some n B . We choosei 3
 4  B  n : n  4  2, 0, 0, 0 	 n  1, 0, 1, 0 	 n . 4  4Ž . Ž . 44
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That is,
B  1, 3, 0, 0 , 1, 2, 0, 1 , 1, 1, 0, 2 , 1, 0, 0, 3 , 0, 4, 0, 0 , 0, 3, 1, 0 , Ž . Ž . Ž . Ž . Ž . Ž .4
0, 3, 0, 1 , 0, 2, 2, 0 , 0, 2, 1, 1 , 0, 2, 0, 2 , 0, 1, 3, 0 , 0, 1, 2, 1 ,Ž . Ž . Ž . Ž . Ž . Ž .
0, 0, 4, 0 , 0, 0, 3, 1 , 0, 0, 2, 2 , 0, 1, 1, 2 , 0, 0, 1, 3 ,Ž . Ž . Ž . Ž . Ž .
0, 1, 0, 3 , 0, 0, 0, 4 .4Ž . Ž .
²  : Defining Systems for the Massey Products x ; n , n B . For every4
m B ,3
   y n 	  y nŽ . Ž .Ý Ým n , m n , m
 nB nB2 3
is a coboundary, where  is given by the unique relation in S given byn, m 3
n mx   x .Ý n , m
mB3
We put
 0 1 , i evenž /0 0 Ž1, 0, 0, 2. 0 1 , i odd,ž /0 0
 0 x , i evenž /0 0 Ž0, 0, 1, 2. 0 x , i odd,ž /0 0
 0 0 , i evenž /0 2 Ž0, 1, 0, 2. 2 0 , i odd,ž /0 0
and the rest of the  ’s equal 0. Then
 4 mBm 3
²  : is a defining system for the Massey products x ; n , n B .4
²  : Computation of the Massey Products x ; n , n B . The Massey4
products for n B are represented by4
y n      .Ž . Ý Ý m , n m m1 2
m 	m m m4 1 2
mBi 3
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The coefficients   are given by the unique relation in R : For every nm , n 4
 with n  4,
n m 3u   u 	  f .Ý Ýn , m n , j j
 jnB4
Now the relations in R ,   are no longer 0 or 1, for example,4 n, m
y 1, 3, 0, 0Ž .
   	   	   	  e Ž0 , 3, 0, 0. Ž0 , 3, 0, 0. e e Ž1 , 2, 0, 0. Ž1 , 2, 0, 0. e1 1 2 2
	  	    0.Ž1, 1, 0, 0. Ž0 , 2, 0, 0. Ž0 , 2, 0, 0. Ž1 , 1, 0, 0.
Using these relations and the same techniques as above, we get
²  : x ; 1, 1, 0, 2  3 y ,Ž . 1
²  : x ; 1, 0, 0, 3  y ,Ž . 3
 3 ² :x ; 0, 2, 1, 1  y ,Ž . 12
²  : x ; 0, 1, 1, 2  3 y ,Ž . 3
 1 ² :x ; 0, 0, 4, 0  y .Ž . 12
This again gives
3 14 2 3 2 2 4f x 	 x 	 3 x x x  x x x 	 x ,1 1 2 1 2 4 2 3 4 32 2
f 4 2 x x 	 3 x 2 x  x 3 	 x x 3 	 3 x x x 2 .3 1 3 2 4 3 1 4 2 3 4
All the other polynomials will be 0.
Put
3 15 2 3 2 2 4 S  k x  m 	 x 	 x 	 3 x x x  x x x 	 x ,ŽŽ4 1 2 1 2 4 2 3 4 32 2
2 x x 	 3 x 2 x  x 3 	 x x 3 	 3 x x x 2 . .1 3 2 4 3 1 4 2 3 4
and
3 16 2 2 2 2 4 R  k x  m 	m x 	 x 	 3 x x x  x x x 	 x ,ŽŽ5 1 2 1 2 4 2 3 4 32 2
2 x x 	 3 x 2 x  x 3 	 x x 3 	 3 x x x 2 .. .1 3 2 4 3 1 4 2 3 4
Then B is going to induce a polynomial basis for4
m4 	 x 2 	 x 3 ,2 x x 	 3 x 2 x  x 3 Ž .1 2 1 3 2 4 3
3 15 2 3 2 2 4m 	 x 	 x 	 3 x x x  x x x 	 x ,ŽŽ 1 2 1 2 4 2 3 4 32 2
2 x x 	 3 x 2 x  x 3 	 x x 3 	 3 x x x 2 .. .1 3 2 4 3 1 4 2 3 4
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It should also be so that B  B . We choose B  B , which is possible4 4 4 4
since there are no ‘‘new relations.’’ Finally we put B  B  B .4 3 4
B should induce a polynomial basis for5
3 15 6 2 3 2 2 4m  m 	m x 	 x 	 3 x x x  x x x 	 x ,ŽŽ 1 2 1 2 4 2 3 4 32 2
2 x x 	 3 x 2 x  x 3 	 x x 3 	 3 x x x 2 ,. .1 3 2 4 3 1 4 2 3 4
n  nwhere every u , n B is on the form x u for some i and for some5 i
n B . We choose4
  B  n : n  5  2, 0, 0, 0 	 n  1, 0, 1, 0 	 n . 4  4  4Ž . Ž .5
²  : Defining Systems for the Massey Products x ; n , n B . For every5
m B ,4
2
   y nŽ .Ý Ým n , m
l0 nB2	 l
is a coboundary, where  comes from the unique relation in S :n, m 4
n mx   x .Ý n , m
mB4
All the other defining relations are zero.
We may therefore choose
 0 0 , i evenž /0 1 Ž0, 0, 1, 3. 1 0 , i odd.ž /0 0
For all the other  ’s, we choose  0. Then again we havem
 4 ,mBm 4
²  : a defining system for the Massey products x ; n , n B .5
²  : Computation of the Massey Products x ; n , n B . We get5
 3 ² :x ; 0, 2, 0, 3  y ,Ž . 12
 3 ² :x ; 0, 1, 2, 2  y ,Ž . 12
²  : x ; 0, 0, 2, 3  y ,Ž . 3
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which gives
3 1 35 2 3 2 2 4 2 2f x 	 x 	 3 x x x  x x x 	 x  x x x ,1 1 2 1 2 4 2 3 4 3 2 3 42 4 2
f 5 2 x x 	 3 x 2 x  x 3 	 x x 3 	 3 x x x 2 	 x 2 x 3 .3 1 3 2 4 3 1 4 2 3 4 3 4
Put
  6 5 5S  k x m 	 f , f ,Ž .5 1 3
  7 5 5R  k x m 	m f , f .Ž .6 1 3
5 Ž 4 4. 6 Ž 5 5.B is going to induce a monomial basis for m 	 f , f m 	 f , f ,5 1 3 1 3
and furthermore B  B . We put B  B  B .5 5 5 4 5
 6 7 Ž 5 5.B is going to induce a monomial basis for m m 	m f , f , and for6 1 3
n  n nevery u , n B , we want u  x u for a n B and a i. We put5 i 5
  B  n : n  6  2, 0, 0, 0 	 n  1, 0, 1, 0 	 n . 4  4  4Ž . Ž .6
²  : Defining Systems for the Massey Products x ; n , n B . Now all5
  0, so we put   0 m B , andm m 5
 4 mBm 5
²  : is a defining system for the Massey products x ; n , n B .6
Now we can continue, as before, computing Massey products. However,
we can prove that we are through in the following way.
ˆ Ž .Recall that a defining system is a morphism 
Mor H, Sm which
is equivalent to a deformation which again is equivalent to give a lifting of
the actual complexes. We put the  ’s into this setting, and continue.m
 4The 5th order defining system is  where we may writei i
 d b , i evenž /c a i a b , i oddž /c d
with
a x 2  1	 1 x 	 x x 	 1 x 2 	 y x 21 3 3 4
 2 x x 2  1 x x 32 4 3 4
b y2  1 y x  xy x 	 1 x 2Ž 2 4 2
	2 x x x 	 1 x x 2 	 x x x 2 .2 4 1 4 3 4
c y 1 1 x  x xŽ .2 4
d x 2  1 1 x  x x ,1 3
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which we read out of the definition
m    x .Ýi m i
Thus
 a b ad bc 0d b  , i evenž /ž / ž /c ac d 0 ad bc  i i1 a b ad bc 0d b  , i odd.ž / ž / ž /c a c d 0 ad bc
Computation gives
ad bc1 x 2 	 1 x 3 	 3 x x x 2  1 x x 2 	 1 x x x 31 2 1 2 4 1 3 1 3 4
 2 x x x 	 3 x x 2 x  x x 3 	 x x x 3 	 3 x x x 21 3 2 4 3 1 4 2 3 4
	 x x 2 x 3 .3 4
The relations in R give6
1 3 1 1 3 15 2 3 3 2 2 3x x  f 	 x x  x 	 x x 	 x x x 	 x x ,1 3 3 2 4 3 1 4 2 3 4 3 42 2 2 2 2 2
3 1 1 3 12 2 4 3 2 2 3 3x x  x x x  x 	 x x x 	 x x x 	 x x1 3 2 3 4 3 1 3 4 2 3 4 3 42 2 2 2 2
3 1 1 3 1 3 12 4 3 2 3 2 2 3 3 x x x  x 	 x x x  x 	 x x x 	 x xŽ .2 3 4 3 4 2 4 3 2 3 4 3 42 2 2 2 2 2 2
3 1 3 1 3 12 4 2 4 3 3 2 2 3 3 x x x  x 	 x x  x x 	 x x x 	 x x ,2 3 4 3 2 4 3 4 2 3 4 3 42 2 4 4 2 2
3 1 3 13 3 2 3 2 4 3 3x x x  x x x  x  x x  x x ,Ž .1 3 4 4 2 4 3 2 4 3 42 2 2 2
3 1 32 5 3 2 2 4 2 2x f 	 x 	 3 x x x  x x x 	 x  x x x .1 1 2 1 2 4 2 3 4 3 2 3 42 2 2
Putting this into ad bc, we find
3 35 5 2 4 3 3ad bc 1 f 	 x f 	  x x   x x .1 3 2 4 3 44 4
Notice that this also proves that  was already a lifting! From this iti
follows that
 3 ² :x ; 0, 2, 0, 4  y ,Ž . 14
 3 ² :x ; 0, 0, 3, 3  y ,Ž . 14
and so
3 1 36 2 3 2 2 4 2 2f x 	 x 	 3 x x x  x x x 	 x  x x x1 1 2 1 2 4 2 3 4 3 2 3 42 2 2
3 32 4 3 3	 x x  x x ,2 4 3 44 4
f 6  f 5.3 3
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Ž .Lifting  to S we find by using these new relations ,i 6
ad bc 1 f 	 1 f 6  0,6 3
 4without any higher order terms. Thus we are finished:  is the versali
deformation of M.
The deformations can be studied in general by looking at the diagrams
a f a f11 11 12 12ž /a f a f21 21 22 222 2  ˆ ˆ ˜B H B H M 0Ž . Ž .k k
a f a f11 11 12 12 1ž /a f a f21 21 22 22
2 2  ˆ ˆ ˜Ž . Ž . Ž . Ž . Ž .B H  k x B H  k x M k x 0k k k k k
  
2 2  ˜Ž .B B M x 0
Ž . Ž .a f x a f x11 11 12 12ž /Ž . Ž .a f x a f x21 21 22 22
Thus
˜ 2 ² :M x  B  a f x , a f x , a f x , a f x .Ž . Ž . Ž . Ž . Ž .Ž . Ž .11 11 21 21 12 12 22 22
Ž .In our particular case this gives, when x a , a , a , a ,1 2 3 4
˜ 2 2 2 2 2 3²Ž .M x  B  x 	 a 	 a x	 a3 	 a y 2 a a  a a , y	 a 	 a x ,Ž .1 3 4 2 4 3 4 2 4
y2	 a y	 a xy a2 2 a a x a a2 a a2 x ,Ž 2 4 2 2 4 1 4 3 4
2 :x  a  a x .1 3
2 ² 2 2 3 2 2 B  a 	 a  2 a a  a a 	 a x	 a y	 x , a 	 a x	 y ,Ž .1 3 2 4 3 4 3 4 2 4
a : 22 a a2 a a 	 a a2 x	 a y	 a xy y2 ,Ž .Ž 1 4 2 4 3 4 2 2
2 :a  a x	 x ..1 3
In particular, we have, as we should
˜ 2 2 2 2M 0  B  x , y , y , x M .² :Ž . Ž . Ž .
Also we have for instance
˜ 2 2 2 2M 0, 0, 0, 1  B  x 	 y , x	 y , xy y , x ,² :Ž . Ž . Ž .
so that the argument that one of the factors in the completion of B is a
˜Ž .unit fails. That is, M 0, 0, 0, 1 has a reasonable chance of not being locally
free.
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In this paper I will explain how this algorithm can be implemented using
a standard basis computation. This makes a computer implementation
possible, but may of course also be of interest for hand computations. The
 algorithm is implemented in ‘‘Singular’’ 5 , and the source file can be
 found in 7 . Most of the algorithm is easy to implement and comments will
be made only where it is needed. We end this paper by listing the formal
moduli of all torsionfree rank 1 modules over the curve singularity E , i.e.,6
  Ž 4 3.modules over B k x, y  x 	 y , and we study their degeneracy
properties.
2. GENERAL PHILOSOPHY
When implemented directly, Algorithm 1.1 is too ineffective to give
results of interest. Thus we will give some comments on how to make it
more effective. The idea is not to compute things that we know will be
identically zero and to record only the complements when choosing mono-
Ž 1 Ž ..mial bases. We will assume that we have dim Ext M, M  d with basisk A
 4d  u so that we are working in the formal power series ring k u , . . . , ui i1 1 d
Ž .with maximal ideal m u , . . . , u .1 d
2.1. Choosing Monomial Bases
In Algorithm 1.1 there are two places where monomial bases are
chosen:
Ž .  i	1 i	2 i	1 Ž .i Pick a basis B for m m 	m m f , . . . , f suchi	1 1 r
 n mthat for each n B we have u  u  u for some m Bi	1 k
Ž . i	1 Ž i i. i	2 Ž .ii Pick a basis B for m 	 f , . . . , f m 	 f , . . . , f such1 r 1 r
 Ž i .that B B f  sum up to degree i .i	1
Noticing that
mi	1 	 f i , . . . , f i mi	2 	 f , . . . , f mi	1mi	2 	 f , . . . , f ,Ž . Ž .Ž .1 r 1 r 1 r
we can say that the problem in both cases is the following.
 Consider the k-algebra A k u , . . . , u with maximal ideal m. Let1 d
mn, n 1, and m2 be ideals. Assume there is a given linear span
of the k-vectorspace
 mn	1 	    VŽ . 
n 4on the form u . Choose a monomial basis for V on the formn S 
nu with B S. 4 nB
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m m1 r 4The naive way to do this is the following: If S u , . . . , u , then we
m p	1fill out B one-by-one element by the knowledge that u is linear
m m m1 r p	1 4dependent of u , . . . , u if and only if u  0 in
n	1 m m1 pA m 	 	 u , . . . , u .Ž .Ž .
This is ineffective because the ‘‘one-by-one’’ statement involves a lot of
standard basis computation. It turns out that computing elementary bases
is much more effective.
To save memory, we let
C d  S  nN : n  i	 1  S, 4
C C n 4 Cand we choose a set of tuples B  S such that u are then B
monomials not in a basis. Then BC  SC B S.
This way of recording monomial bases will give us an extra bonus when
computing Massey products as we will see later. The algorithm for comput-
ing complementary bases is treated in Subsection 2.2.
2.2. Computing Relations
In Algorithm 1.1 there are two places where we need the relations:
Ž . d  i For each nN with n  i	 1 we have a unique relation in
  i	2 Ž .k u m 	m f , . . . , f , namely1 r
n  mu   u 	  f .Ý Ým , n n , j j
 jmBi	1
Ž . d  ii For each nN with n  i	 1 we have a unique relation in
  i	2 Ž .k u m 	 f , . . . , f , namely1 r
n mu   u .Ý n , m
mB
In both cases, these relations can be recorded in a matrix R with the
  Cfollowing property: Let Q k u be an ideal and assume that B is a
  Ž .complementary basis for k u Q as above. Let B i be the ith element
Ž . CŽ . Cmonomial in B, respectively, and let B j be the jth element in B .
Ž . Ž CŽ .. Ž .Then B i B j  R i, j	 1 . The first column in R is filled out with
Ž . Ž Ž ..1’s for computational reasons to illustrate that B i B i  1. This is
explained in more detail in Subsection 2.4.
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2.3. Some Comments on the Use of Subsections 2.1 and 2.2
 Ž .Looking at the sentence, ‘‘For each n B compute y n i	1
Ý Ý     ’’ in Algorithm 1.1, we see that it ism  i	1 m 	m m m , n m m1 2 1 2m i B
enough to join in the sum the elements where there exists a relation and
where the mentioned  ’s are different from zero. Thus it is only neces-m
sary to store the  ’s different from zero, and the computation is as fast as
it can be.
1 Ž .Looking at the sentence, ‘‘Pick for each m B and  Hom L , Lm B  
i	12 Ž .such that d Ý Ý  y n ;’’ in Algorithm 1.1, morem l0 n B n, m2	 l
Ž .care must be taken. We have not recorded any y n that is different from
zero, and the chosen  will automatically be set to zero. Also, if the summ
is identically zero,  will be set to zero. But this is just the first elementm
 4 2 Ž .in the family  Hom L , L . Can we be sure that  can bem , p p 2 A   m , 2
the first element in a family fulfilling the condition d m
i	12 Ž .Ý Ý  y n ? The answer to this is yes, and the reason isl0 n B n, m2	 l
Lemma 3.1.
2.4. Computing Massey Products in Algorithm 1.1
Going back to Algorithm 1.1, we understand that we need a way to treat
Ž .the differential graded k-algebra Hom L , L . This is solved by the 
following:
PROPOSITION 2.1. In the leading Algorithm 1.1, it is enough to let e
ery
1Ž .  4element Hom L , L be represented by the couple  ,  where  1 2
 4  .i i	 0
2Ž Ž .. 2 Ž .Proof. Because the isomorphism H Hom L , L  Ext M, M  A
 4sends   i	 0 to   withi 1 0
  Hom L , L Hom L , MŽ . Ž .1 0 2 0 2
it is obvious that this representation is enough to compute Massey prod-
ucts when a defining system is given. This will give the wanted element in
2 Ž . 2Ž Ž ..Ext M, M H Hom L , L . The main problem is exactly to chooseA  
defining systems. To be precise, this is the following problem: Given a
coboundary
 4 2  Hom L , L ,Ž .i  i2
1Ž . Ž .choose an Hom L , L such that d    . Now we only know  ,  2
and in fact, we are only interested in  and  . Now it turns out that1 2
finding  and  is possible, see Subsection 3.3, and Lemma 3.1 in the1 2
same section states that this is the two first morphisms in an  such that
Ž .d    .
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3. THE DIFFERENT PARTS
3.1. Ext-Computation
i Ž .The first problem is to compute a basis for Ext M, M , i 1, 2. In factA
we want a basis for
Ext i M , M H i Hom L , L , i 1, 2,Ž . Ž .Ž .A  
Ž .where L is a fixed free resolution of M and Hom L , L is the complex  
defined by
Hom p L , L  Hom L , L ,Ž . Ž .ŁA   A m mp
mp
p pŽ . p	1Ž .d : Hom L , L Hom L , L given byA   A  
pp p p pd   d   1  d . 4 Ž .Ž . ½ 5i i i1 i ip
Ž .Notice that this gives Hom L , L the essential property of a differential 
  iŽ Ž ..graded k-algebra 4 . We start by finding a basis for H Hom L , M :
Given a free resolution
d d d1 2 3n n n  0 1 20M A A A  .
This implies the following commutative diagram
 n  n  n 0 1 2Ž . Ž . Ž .Hom A , M Hom A , M Hom A , M   
  
T T Td d d1 2 3n n n   0 1 2M M M 
i Ž . T TAs is known, Ext M, M  ker d Im d .A i	1 i
In computation, we will use the isomorphism
sn ² :A  m , m , . . . , mŽ .1 2 r
sn ² A  m , 0, . . . , 0 , m , 0, . . . , 0 , . . . , m , 0, . . . , 0 , . . . ,Ž . Ž . Ž .1 2 r
:0, . . . , 0, m , . . . , 0, . . . , 0, m .Ž . Ž .1 r
i Ž .Then to compute a basis for Ext M, M we will have to compute theA
kernel of a morphism


n mA I  A I .1 2
This is done by computing the kernel in


n mA  A I2
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and then resolve the result modulo I . These things are done by using1
standard basis computation. In fact we just need generators for the kernel
and so it is unnecessary to reduce modulo I .1
The thing left for computing Ext’s is to divide by the image of the
‘‘previous morphism.’’ The general situation is the diagram
A Bn n n 1 2 3R P R P R P1 2 3 
B
n n1 2R R
A
Thus our result is
ker BP  Im AP  ker B P 	 Im A .Ž . Ž . Ž .2 2 2
Consider M A pP. In the diagram
Am nŽ . Ž .Hom R , M Hom R , M 
 
TAm nM M 
 
TŽ .F Apm m pn nA Ý P A Ý Pi1 i1
Ž T .the matrix F A is easy to find and Ext can be computed from the given
resolution. This just gives Ext as a quotient of a free module, so to get
generators of Ext in ker dT Im dT we map it onto this.i	1 i
To find a k-basis for ker dT Im dT, we use the standard basis compu-i	1 i
tation on ‘‘Ext’’ and map this basis to ker dT Im dT.i	1 i
Now our last problem in the Ext computation is to find the correspond-
Ž .ing basis elements in the differential graded k-algebra Hom L , L . We 
know how the quasi homomorphism
Hom p L , L Hom L , MŽ . Ž .  
is given, so we look at the diagram
d d dp	1 p	2 p	3
  L L L p p	1 p	2
  
  p p	1 p	2
   M L L L 0 1 2	 d d d1 2 3
Then we understand that it is enough to lift the composition
Ž d at each step with the right sign referring to the sign in thep	 l1 p	l
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Ž ..definition of the differential in Hom L , L . This is easily done by a 
Ž .‘‘lift’’ computation using standard bases . This completes our Ext-compu-
tation.
3.2. Computing Monomial Bases
Recall that the problem is the following: Given the k-algebra A
  i 2k u , . . . , u with maximal ideal m, let m , i 1, and qm be1 d
ideals. Assume there is given a linear space of the k-vectorspace
 mi	1 	 q   VŽ . q
n 4on the form u . Choose a monomial basis for V on the formn S q
nu with B S. 4 nB
We will use as input the integer i, the ideal q and the complementary
C  d   4span S  nN : n  i  S, and we will give as output the comple-
C  d   4mentary bases B  nN : n  i  B. The idea is simply the follow-
ing.
C Ž .Having S we also have S. Write up the unique normal form of S
modulo a standard basis for mi	1 	 q. Then some elements may be
removed from S, and we add them to SC. The result is BC.
3.3. Lifting of Cocycles
 4 2Ž .Let   Hom L , L be a coboundary. We want an algorith-i i 2  
Ž .mic and implementable way to find an element
 4 1  Hom L , LŽ .i  i1
Ž .such that d    .
In the computation, given  , we only need the first two  and  . But1 2
we have to prove that this in fact is the first two in a lifting. This leaves us
with the problem of finding the first two ‘‘that can be lifted.’’ This will be
clearer in a moment.
Consider the diagram





 L LLM0 1 20 d1
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We want to find  and  such that1 2
 d 	 d      d   d  .1 2 1 2 2 1 2 2 1 2
Ž . Ž .Thus our first goal is to find  such that Im  d    Im d . This1 1 2 2 1
can be done much in the same way as in the computation of Ext,
Im  d    Im d    d    0   d    .Ž . Ž . Ž . Ž . Ž .1 2 2 1 1 2 2 1 2 2
We have the diagram
3.1Ž . d
T dT1 2 Ž . Ž . Ž .Hom L , M Hom L , M Hom L , M0 1 2  
  
T Td d1 2n n n 0 1 2M M M
 
 1 2
Thus finding  can be solved by a lift computation. Assume that we1
Ž . Ž .have found  such that Im  d    Im d . Then we can find 1 1 2 2 1 2
such that
d    d     d 	 d    .Ž .1 2 1 2 2 1 2 1 2 2
Our theoretical problem is solved by the following
LEMMA 3.1. Suppose  ,  are found such thati1 i
 d 	 d    .i1 i i1 i i
Then there exist an  fulfilling the condition, i.e., d  	  d   .i	1 i i	1 i i	1 i	1
Proof. Suppose  ,  are found such that  d 	 d    . Wei1 i i1 i i1 i i
then see that
d  d    d  d  d Ž . Ž .i1 i i	1 i	1 i1 i i	1 i1 i	1
 d  d   dŽ .i1 i i	1 i i	1
  d 	  d   dŽ .i1 i i i	1 i i	1
  d   d  0.i i	1 i i	1
Thus there exist an  such thati	1
d      d  d  	  d   .i i	1 i	1 i i	1 i i	1 i i	1 i	1
Thus by induction, the whole system may be lifted.
COMPUTING FORMAL MODULI 321
We understand that to make an implementation, we need a lifting
Ž .algorithm for quotient modules, as seen in the diagram 3.1 . We assume
Žthat a lifting algorithm for free modules is given e.g., by a standard basis
.computation , that is, given the diagram







such that Im  Im 
. Then there exist a morphism  as shown. This 
can be found as follows.









Im  Im 
 Im  Im 
	 P Im 
	 Im  Im 
	  .Ž .
Thus a  as indicated exists and can be found by a free ‘‘lift.’’1














  x  
 
  x  
   x   xŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .1 1
  x   x  
   .Ž . Ž .




To compute duals, we use any procedure for lifting k-bases. First of all
we consider a given basis as the columns in a matrix B. The quotient of a
free module is represented by the matrix Q whose columns are the
generators of the module. We let K denote an arbitrary basis lK of the







The inverse matrix of lK gives all the relations; it is the transformation
matrix.
3.5. Knowing When to Stop
First of all, to know when to stop is no problem: A defining system
 4 corresponds to morphismsm m Bi
dS : L  S L  S,i i k i1 k
  i	1 Ž i i.where S k u m 	 f , . . . , f . This induces morphisms1 r
 i i   d : L  k u  f  L  k u  f .ž / ž /i i k i1 k
   If d d  0, we know that d can be lifted to the top and d  lim di i1 i i i
is the proversal family. Going into Algorithm 1.1, we see that if d d  0,1 0
every obstruction is zero and the chosen  mapping to the obstruction
may be chosen to be zero by Lemma 3.1. Thus a sufficient condition for
stopping the process is d d  0. Also, we can solve the stopping1 0
problem in a more combinatorial way.
PROPOSITION 3.1. In the computation of formal moduli, assume that
Ž . 2 q	1f m m and that
1   0 for m  5	 i 2 q .Ž .m 2
Ž .Then the next  ’s are 0 and there are no changes in f .
Proof.
y n      ,Ž . Ý Ý m , n m m1 2
m 	m m mi	1 1 2
mBi i
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   i	2 Ž . Ž . 2where the  are the relations in k u m 	m f . Now f m m , n
q    Ž .m implies that   0 for m  2	 i	 1 q  3	 i q. Thusm , n
for the monomials in the sum above
1       m 	 m  m  3	 i q m  3	 i q .Ž .1 2 i 2
1Ž .     Ž .So y n  0 for n  i	 1 if   0 for m  3	 i q . In particularm 2
1 13	 i q  5	 i 2 q  y n  0Ž . Ž . Ž .2 2
  2 q	1for n  i	 1 f stays in m m .Ž .
1Ž .The next order  ’s are given by choosing elements  Hom L , Lm m  
mapping to
i	12
   y n , m B ,Ž .Ý Ým n , m i	1
l0 nB2	 l
  i	2 Ž .where the  are the relations in k u m 	 f , . . . , f . Thenn, m 1 r
   0 for n  3	 i qn , m
and
   n  3	 i q n  1	 2	 i q  y n  0,Ž . Ž .
1 1  Ž Ž . . Ž .because   0 for m  3	 2	 i q  q  5	 i 2 q . Thusm 2 2
the next order  ’s can be chosen identically 0.
4. EXAMPLES
  Ž 4 3.Let B be the singularity E , that is, B k x, y  x 	 y . Then the6
torsionfree B-modules of rank 1 are given by the list of Greuel and
   Knorrer in 2 . Eisenbud 1 tells us that every torsionfree module can be¨
given by a matrix factorization. Thus it is easy to write up the torsionfree
modules:
LEMMA 4.1. Let M be the family of indecomposable, finitely generated
maximal CohenMacaulay modules of rank 1 o
er B. Then M consists of the
Ž .B-modules gi
en by the following free resolutions matrix factorizations :
4 3 Ž .Ž . 1x 	y
0M  B BB 0
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or
0M  B 0 0 0
x y 2 3 2x y
3ž / ž /y x y x
2 2 2 0M  B B B  1
x y23 2x y
2ž /ž /y x y x
2 2 2 0M  B B B  2
x2 y 2 x2 y2
2 2ž / ž /y x y x
2 2 2 0M  B B B  3
2 y2 x3 yx 2y x 0
2 2x xy yx 0 y ž /ž / 2 30 y x xy y x
3 3 3 0M  B B B   .4
In this section I shall give the complete list of formal moduli, referring
Ž .for the case B E to the list of Lemma 4.1.6
   In 3 Laudal gives the theory. In 7 , the author gives a Singular
program computing the following k-algebras. Detailed hand computations
 can be found in 6 .
M ,0
H  k ,0
˜ Ž .and of course M 0, 0 M .0 0
M ,1
  4 3H  k t , u  t 	 u ,Ž .1
x t y2 	 uy u2
M˜ t , u  Coker .Ž .1 3 2 2 3ž /y	 u x 	 tx 	 t x	 t
M ,2
4 3 ˜ H  k t , u  t 	 u , M t , u  B , t , u  0, 0 .Ž . Ž . Ž . Ž .2 2
M ,3
 ˜ H  k t , . . . , t  p , q , M t , . . . , t  Coker ,Ž . Ž .3 1 4 3 1 4 ž / 
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where
3 1 3 3 32 3 2 2 4 2 2 2 4 3 3pt 	 t 	 3t t t  t t t 	 t  t t t 	 t t  t t ,1 2 1 2 4 2 3 4 3 2 3 4 2 4 3 42 2 2 4 4
q2 t t 	 3t 2 t  t 3 	 t t 3 	 3t t t 2 	 t 2 t 3 ,1 3 2 4 3 1 4 2 3 4 3 4
 x 2 	 t 	 t x	 t32 	 t 2 y 2 t t 2  t t 3 ,1 3 4 2 4 3 4
y2 	 t y	 t xy t 2  2 t t x t t 2  t t 2 x ,2 4 2 2 4 1 4 3 4
 y	 t 	 t x ,2 4
 x 2  t  t x .1 3
Ž .M  B the normalisation of B ,4
 H  k t , . . . , t  f , f , f ,Ž .4 1 6 1 2 3
where
32 2 2 2 4 3f  2 t t t t 	 t t t  t t t 	 t t t 	 4 t t t t 	 2 t t t 	 t 	 2 t t1 1 4 5 6 1 5 6 2 4 5 2 5 6 3 4 5 6 3 5 6 4 4 62
1 32 2 3 4 2 3	 3t t 	 2 t t 	 t  t t  3t t t  t t t 	 t ,4 6 4 6 6 2 5 2 3 4 2 3 6 32 2
f 2 t t t  t t 2  4 t t t  2 t 2 t  2 t t 2  t 3 	 2 t t 	 t t ,2 1 5 6 2 5 3 5 6 4 6 4 6 6 1 2 2 3
f t t 2  2 t t 2  2 t 2 t  t t 2 	 t 2 	 t t  2 t t  t t 	 t 2 ,3 1 5 3 5 4 5 5 6 1 1 3 2 4 2 6 3
  1, 1 1, 2 1, 3
M˜ t , . . . , t  Coker ,Ž .   4 1 6 2, 1 2, 2 2, 3 0  3, 1 3, 2 3, 3
where
  y	 t 	 t ,1, 1 1 3
 x 2 	 xt 	 yt  t 3 t  t 2  t t  t 2 ,   t ,1, 2 6 5 5 4 4 6 6 1, 3 2
  x	 t 	 t ,   2 t t  t ,  y	 t ,2, 1 4 6 2, 2 5 6 2 2, 3 3
 t ,  t 2  y	 t ,  x	 t .3, 1 5 3, 2 5 1 3, 3 4
By experience the degeneration properties of the versal family of the
normalization B is the most essential. We would like to compute the
kernel of the KodairaSpencer morphism for this module. The method for
doing this is easy: First compute
d
r
  H du  df .Ž .H i i i1
i1
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Ž . Ž . 0 Ž .Then compute Der H Hom , H as Ext , H . This is too big tok H H
compute, and we just have to leave it for the moment.
We are left with one possibility: Make some qualified guesses on points
on H, then compute the Ext-dimension of the versal deformation in the
actual points and prove that these are isomorphic to the different modules
on E .6
Point Ext1-dimension
Ž .0, 1, 0, 0, 0, 0 0
Ž .0, 0, 0, 0, 1, 0 2
Ž .1, 0, 0, 0, 1, 0 2
Ž .1, 0,1, 1, 1, 0 4
Now the isomorphism class of the first point has to be the one and only
free module. Checking out the two points of Ext1-dimension 2, that is,
filling the point into the versal family, we find that the module correspond-
Ž .ing to the point 0, 0, 0, 0, 1, 0 is the cokernel of
x 2 	 y2 xy
2ž /xy	 x x 	 y
Ž .and that the module corresponding to the point 1, 0, 0, 0, 1, 0 is the
cokernel of
x 2 	 y2 xy	 x
.
2ž /xy x 	 y
xy	 x x 2 yŽ .These two modules are isomorphic to M and N2 2x  y xy
xy x 2 yŽ ., respectively, and we find that2 2x  y xy x
MNNM fI.
ŽThis proves that the two modules are nonisomorphic look at the given
.matrix factorizations of M and M and so they are together M and M .1 2 1 2
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where two vertices are joined if and only if the module above deforms to
the lower.
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